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Nomenclature

heat capacity, J/kg - K

gravitational acceleration, m/s?

height of cavity, m

heat transfer coefficient, W/m? - K
permeability, m?

effective permeability of vertical layers, m?
effective permeability of horizontal layers, m?
effective thermal conductivity of porous
medium, W/m - K

width of cavity, m

average Nusselt number, h H/ k

Rayleigh number, K g8(T), — T.)H /av

base Rayleigh number, K,¢8(T, — T.)H /oy vy
temperature, K

dimensionless Cartesian coordinates, x/L and y/H,
respectively

Cartesian coordinates, m

effective thermal diffusivity of porous medium,
k/(locp)fv [mZ/S]

thermal expansion coefficient, (—1/p)(9p/9T),, K~
dimensionless temperature, (T — 7,)/(T, — T.)
kinematic viscosity of fluid, m?/s

fluid density, kg/m?

= dimensionless stream function
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Subscripts

cold wall

fluid

hot wall

= index of sublayer, 1, 2, ...
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Introduction

EAT transfer in porous media has received considerable atten-

tion in the past few decades because of its important applica-
tions in engineering. However, most previous studies have focused
on homogenous porous media, whereas layered porous media, al-
though encountered more frequently in applications, have received
little attention. For stability analysis, Masuoka et al.' made the first
study of the onset of thermal convection in a two-layer porous sys-
tem. Their work was later extended by McKibbin and O’ Sullivan to
multilayer systems. Rees and Riley® further extended the classical
stability problem into a three-dimensional domain. For heat transfer
analysis, Donaldson* reported the first numerical result of heat con-
vection in a multilayer system. This was followed by Rana et al.’
in numerical simulation of a geothermal reservoir using a layered
porous model. Their results compared favorably with the field data
obtained. For horizontal layers, heat transfer results have been pre-
sented by McKibbin® as well as McKibbin and Tyvand.”:® For verti-
cal layers, Poulikakos and Bejan® as well as Lai and Kulacki'® have
studied the effects of permeability contrast and thermal conductivity
ratio on natural convection in two- or three-layer porous systems.

For engineering applications where the heat transfer rate from
layered porous cavities is the most important concern, a quick and
accurate estimate of this value is often desirable. As such, the ob-
jective of the present study is to examine the feasibility of applying
the lumped system analysis as proposed by Leong and Lai'"'? to
layered porous systems in the calculation of heat transfer rate. The
proposed lumped system analysis uses an effective permeability to
represent a layered porous medium and treat the medium as if it
were homogeneous. As they suggested, an effective permeability
defined by the arithmetic average should be used when the sublay-
ers are oriented parallel to the primary heat flow direction. On the
other hand, an effective permeability based on the harmonic mean
should be used when the sublayers are perpendicular to the primary
heat flow. Clearly, if the proposed method is applicable, it can sig-
nificantly reduce the computational efforts when dealing with heat
transfer problems in layered porous media.

Note that the present problem is different from those of previ-
ous studies'""'2 in that the cavities are heated from below, instead of
vertical walls. In this case, if the lumped system analysis were appli-
cable, one would obtain a better heat transfer prediction for cavities
with vertical sublayers using an effective permeability based on the
arithmetic mean. On the other hand, for cavities with horizontal
sublayers, an effective permeability based on the harmonic mean
should be used.

Formulation and Numerical Method

The geometry considered is a square cavity, L = H (Fig. 1).
The cavity walls are impermeable. The vertical walls are insulated,
whereas the top and bottom walls are differentially heated at con-
stant temperatures 7, and 7, (where T;, > T.). The cavity consists of
two or four sublayers of equal thickness but with distinct permeabil-
ities. For the four-layer case, the permeabilities of these sublayers
are alternating among the sublayers, that is, K; = K3 and K, = K.
It is assumed that the sublayers are saturated with the same fluid.
The dimensionless governing equations based on Darcy’s law are
given by Leong and Lai,'"'?
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Fig. 1 Layered porous cavities with two or four sublayers subject to
differential heating from below: a) vertical sublayers and b) horizontal
sublayers.
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where Ra; = K;gB(T), — T.)H /(o;v;) and o; = ki /(pcp) .

In Egs.(1) and (2), the subscript i refers to the individual sublayer
in the cavity. In addition to the boundary conditions, interface condi-
tions are required for the solution of the flow and temperature fields
in the cavity. The interface conditions imposed are the continuity
of mass, pressure, temperature, and heat flux across the interface.
McKibbin and O’Sullivan? as well as Rana et al.’ have justified the
use of these conditions. For brevity, the dimensionless boundary and
interface conditions are presented here only for a two-layer cavity,
but can be extended to a four-layer case in a similar fashion.

For vertical sublayers,

a0
X=0, ¥ =0 —=0 (3a)
X
X=1 W, =0 0% _ o (3b)
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For horizontal sublayers,
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Because the porous layers are saturated with the same fluid, thus,
v; = v and @) = oy, the ratio of Rayleigh numbers can be obtained
as

Rai/Ra; = K{/K; ()

The interface conditions have been implemented using imaginary
nodal points as described by Rana et al.’

The governing equations with the boundary and interface condi-
tions were solved using a finite difference method. This method has
been successfully employed by the authors for similar studies.!%~!2
A uniform grid (101 x 101) with under- and overrelaxation was
used for most of the calculations to ensure the efficiency and accu-
racy of the numerical results. When the solution converged, it was
noticed that further refinement of the grid did not significantly im-
prove the results. In addition, the present code has been validated
against the previous results reported by Caltagirone'® for a homoge-
neous porous cavity by setting K;/K, = 1. The heat transfer results
agree well with each other with a maximum discrepancy less than
5% for all of the Rayleigh numbers considered. For the present
study, note that solutions for cavities with vertical sublayers require
more iterations to converge than those with horizontal sublayers. In
addition, it is more difficult to obtain converged solutions for cav-
ities with K;/K, < 1 than those of K;/K, > 1. For some cases of
K,/K>=0.1 and 0.01, a finer grid (201 x 201) was required. An
overall energy balance has been performed in each calculation to
further evaluate the accuracy of the results obtained. For the present
study, the results are satisfied within 3%, whereas most are within
1%. The overall heat transfer is expressed in terms of the average
Nusselt number at each vertical wall as given by

/1 36
Nu = — —
, Y

Results and Discussion

dx (6)

Y=0,1

For natural convection in a homogeneous porous layer heated
from below, the flow and temperature fields are determined by the
Rayleigh number and aspect ratio (see Refs. 13 and 14). For a square
cavity, the onset of convection starts at Ra =40 with a single cellular
flow structure. With an increase in the Rayleigh number (Ra > 100),
a transition to multicellular flow structure is observed. For natural
convection in a layered porous cavity, heat transfer is further com-
plicated by the presence of sublayers and their orientation, which
becomes evident in the following discussion.

A. Cavities with Vertical Sublayers

The flowfields (in terms of stream function contours) in a cavity
with four vertical sublayers are shown in Fig. 2 for various base
Rayleigh numbers. Because the stream function contours are plot-
ted with a constant interval, the closeness between two neighboring
contour lines is directly proportional to the flow velocity. Because of
the difficulty encountered in obtaining a converged solution at high
base Rayleigh numbers for the case of K;/K, =0.01, its results are
not presented. On the other hand, the flowfields for a homogeneous
cavity are included for comparison. In general, the flow structure
for a cavity with four sublayers bears some similarity to that of
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Fig. 2 Flowfields in square porous cavity with four vertical sublayers;
AW =0.5 for Ki/K»<1 and AW =0.1 for K{/K» >1 except AW =0.05
for K{/K> =10 at Ra; =10.

two vertical sublayers, only is more complicated by the presence of
additional sublayers. Because of the difference in the permeability
between two neighboring sublayers, the location of the interface can
be easily identified by the abrupt change in the slope of streamlines.
When the base Rayleigh number is small, that is, Ra; =10, con-
vection is not yet initiated in the homogeneous cavity. However, for
layered cavities, convection starts in the more permeable sublayers,
whereas fluid remains nearly stagnant in the less permeable sublay-
ers. An increase in the base Rayleigh number leads to an increase in
the strength of the convective cell. For K /K, =0.1 and 10, this in
turn prompts the flow penetration to a less permeable sublayer. The
presence of a sandwiched less permeable sublayer breaks the con-
vective cell into two portions. Thus, the sandwiched less permeable
sublayer can be considered as a damper that simultaneously weakens
and separates the convective flow. For K/ K, =0.01 (not shown)
and 100, flow penetration to a less permeable sublayer is minimal.
For these two cases, the less permeable sublayers act like an imper-
meable wall that has confined the convective flow to a limited space.
As such, the strength of convective cells decreases with an increase
in the permeability ratio. Note that the cavities for K;/K, =0.1 and
10 are geometrically in mirror symmetry. However, the flowfields
shown in Fig. 2 may not appear so because they are presented in
terms of the base Rayleigh number Ra;. As such, the flowfield for
K,/K;=0.1 at Ra; =10 is not exactly a mirror image of that at
K, /K, =10 and the same base Rayleigh number, but rather of that
at K;/K, =10 and Ra; =100. The slight difference in the mirror
images between these two cases, that is, K; /K, =0.1 at Ra; =10
and K,/K, =10 at Ra; =100, is mainly due to the convergence
criterion imposed.

The temperature fields (in terms of isotherm contours) in a cavity
with four vertical sublayers are shown in Fig. 3 for various base
Rayleigh numbers. The isotherm contours are also plotted with a
constant interval, therefore, the closeness between two neighbor-
ing isotherms is directly proportional to the local heat flux. The
dashed lines in Fig. 3 denote the locations of interface. The ef-
fect of permeability contrast is particularly visible for the cases
of K,/K,=0.1, and it becomes even more apparent with the in-
crease of base Rayleigh number. The heat transfer mode in each

Ra, 10 50 100
Ki/K;
H H
]
0.1 I I B
1 1
1 i
H H H
[l ] 1
1
H HIE H
1 1 1 1 1
H H H
] 1 ]
T T T
S 1 1
10 ] ] 1 ]
N — H H I
| 1 [] ] 1 1
T ¥ T T T T
L 1 1 1 1 1
| 1 [] 1 1 1
T T T T T T
X h 1 H H H
] ] 1 1 ] 1
! -
1 ]
T T
" 1
100 1 1 ]
H HEH HE
1 [ ] ] ]
H HE H H
1 [l | 1 ]

Fig. 3 Temperature fields in square porous cavity with four vertical
sublayers; A6 =0.1.

sublayer can be easily identified from the isotherm contours. The
thermal stratification at a low base Rayleigh number, for example,
Ra, =10, indicates that heat transfer is driven by conduction. An
increase in the base Rayleigh number produces plumelike isotherms
in the cavities of K;/K, <1, which signifies a transition in the heat
transfer mode from conduction to convection. For K /K, > 1, ther-
mal stratification is maintained inside the cavities because of weak
convection.

For K, /K, < 1, the weak convective flow in the sandwiched less
permeable sublayer, which is the result of flow penetration, prompts
the transition of the heat transfer mode from conduction to convec-
tion at a lower base Rayleigh number. For K, /K, > 1, itis clear that
conduction remains the dominant heat transfer mode at low base
Rayleigh numbers. This is confirmed by the presence of evenly dis-
tributed isotherms throughout the cavity. An increase in the base
Rayleigh number causes only slight distortion to isotherms in the
more permeable sublayer. The distortion of isotherms is an indica-
tion of weak convection. Regardless of the base Rayleigh number,
conduction remains the primary heat transfer mode in the entire
cavity for K, /K, > 1.

For a given base Rayleigh number, the presence of sandwiched
less permeable sublayer has created additional flow resistance that
has to be overcome by the buoyancy-induced flow to sustain convec-
tion in the more permeable sublayers. This suggests that an increase
in the number of sublayers suppresses the convection within the
cavity.

B. Cavities with Horizontal Sublayers

For cavities with horizontal sublayers, the present results resem-
ble those reported for partially heated layered porous cavities by
Lai and Kulacki.'> For K| /K, > 1, the convective cell only appears
in the more permeable sublayers (Fig. 4) when the base Rayleigh
number is small, that is, Ra; = 10. With an increase in the base
Rayleigh number, convective flow starts to penetrate the less per-
meable sublayer. This implies that conduction remains the main
heat transfer mode inside the less permeable sublayer before flow
penetration from the more permeable sublayer. The eye of the con-
vective cell tends to shift toward the upper left corner of the cavity
for K,/K; <1. On the other hand, for K,/K, > 1, the eye of the
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Fig. 4 Flowfields in square porous cavity with four horizontal sublay-
ers; AW =0.5 for K;/K; <1 and A¥ =0.1 for K{/K, > 1.

convective cell is slightly shifted toward the bottom right corner of
the cavity. The difference in the flow patterns between K; /K, < 1
and K /K, > 1is mainly caused by the heat transfer mode involved
in each sublayer. For K /K, =0.1, heat transfer from the bottom
wall is first by conduction through the less permeable sublayer be-
fore it changes to convection in the more permeable sublayer. The
density of streamlines in the less permeable sublayer indicates a
weak convective flow in that sublayer. For K, /K, =100, the more
permeable sublayer is at the bottom of the cavity. As such, heat
transfer is mainly by convection in that sublayer. The upper less
permeable sublayer acts like an impermeable wall, which confines
the convective flow entirely to the more permeable sublayer at a low
base Rayleigh number. When buoyancy is weak, no flow penetration
into the upper (less permeable) sublayer is possible. Heat transfer in
the less permeable sublayer, thus, becomes exclusively conduction
at a low base Rayleigh number.

The heat transfer mode in each sublayer can be identified from
Fig. 5. From the isotherm contours, one can tell that convection s the
dominant heat transfer mode in each cavity with a low permeability
ratio. For K /K, =0.1, athermal plume in the cavity is the evidence
of such a claim. Because of the suppression of convective flow by
additional sublayers, thermal plumes are less apparent in the four-
sublayer cases than in the two-sublayer cases. The development
of thermal boundary layers along the horizontal walls is further
evidence of convection for the cases of K;/K, < 1. An increase of
the base Rayleigh number makes the thermal boundary layer along
the bottom (hot) wall in the less permeable sublayer more apparent.
For cavities with K /K, > 1, the nearly stratified isotherms (Fig. 5)
imply that heat transfer is mainly driven by conduction at a low base
Rayleigh number. The mode gradually changes to convection with
an increase in the base Rayleigh number, and this can be observed
from the rising of thermal plume. The transition in heat transfer
mode is faster in the more permeable sublayer.

In general, flows in a cavity with four horizontal sublayers are
stronger and more stable than those with four vertical sublayers.
Unlike the cases of four vertical sublayers where convective cells
are mostly confined to the more permeable sublayers, that is, local
convection, convective cells in the present case spread over the en-
tire cavity, that is, global convection. As such, the effect of sublayer

Fig. 5 Temperature fields in square porous cavity with four horizontal
sublayers; A6 =0.1.

orientation is more pronounced for cavities with four horizontal sub-
layers because heat has to transfer through all sublayers. In contrast,
for cavities with four vertical sublayers, heat transfer is mainly by
convection through the more permeable sublayers. Figure 4 shows
that the convective flow in the sandwiched less permeable sublayers
is mostly vertical, but becomes horizontal in other sublayers. With
the aid of the buoyancy effect, heat transfer by flow penetration
through all sublayers results in a higher heat transfer rate. An in-
crease in the number of sublayers, however, weakens the convective
flow in the cavity by breaking up the primary convective cell.

C. Heat Transfer Results

For heat transfer results, it is found that the average Nusselt num-
ber for K,/K, <1 is always greater than that of a homogeneous
cavity, that is, K|/K, =1, whereas, it is always less than that of
a homogeneous cavity for K;/K, > 1. This is consistent with the
results reported in previous studies.!®~!2 To verify if the lumped-
system analysis is applicable for the present problem, the Nusselt
numbers obtained are expressed as a function of the Rayleigh num-
ber based on the effective permeability. For the present study, the
vertical sublayers are parallel to the primary heat flow direction,
whereas the horizontal sublayers are perpendicular to the heat flow
direction. In the spirit of the lumped system analysis,'""!? an ef-
fective permeability based on the arithmetic mean should be used
for cavities with vertical sublayers and that of the harmonic mean
should be used for cavities with horizontal sublayers. Therefore, for
a cavity with vertical sublayers, its effective permeability is given
by!l12

Ky = (Ki+K>)/2 (7a)
and for a cavity with horizontal sublayers, it is given by

/Ky = L(1/K, +1/K)) (7b)
Because the resistance to convective heat transfer is inversely pro-
portional to the sublayer permeability, Eq. (7a) represents a thermal
circuit in parallel and Eq. (7b) represents that in series.

The heat transfer results are shown in Figs. 6 and 7 as a function
of the effective Rayleigh number. For comparison, the results for
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Fig. 6 Heat transfer results for porous cavity with a) two vertical sub-
layers and b) four vertical sublayers.
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Fig. 7 Heat transfer results for porous cavity with a) two horizontal
sublayers and b) four horizontal sublayers.

a homogeneous cavity are also included (as solid lines) in Figs. 6
and 7. For a homogeneous porous cavity, convection starts near
Ra =40 as predicted by theory (see Refs. 13 and 14). After the
onset of convection (Ra > 40), Nusselt number increases with the
Rayleigh number. However, notice that the slope of the Nusselt
number is not uniform as the flow structure changes from a single cell
to double cells when the Rayleigh number increases (see Ref. 14).

For cavities with two vertical sublayers, Fig. 6a shows that all data
collapse nicely to the curve representing the homogeneous cavity

if the effective permeability is based on the arithmetic mean. Sim-
ilarly, for cavities with four vertical sublayers, it is observed that
all data also collapse to a single curve when the effective perme-
ability is based on the arithmetic mean (Fig. 6b). However, there
is a discrepancy between the Nusselt number for a homogeneous
cavity and that predicted by the lumped-system analysis. For cav-
ities with four sublayers, the discrepancy is initially negligible at
small Rayleigh numbers but grows to a maximum (about 50%) at
Ra, =100 and then quickly diminishes as the Rayleigh number in-
creases further. Note that if the effective permeability were based
on the harmonic mean, data would become greatly scattered and no
clear trend would be observed. Hence, one can conclude that the
effective permeability based on the arithmetic mean allows a better
prediction (although not perfect) in heat transfer for cavities with
vertical sublayers.

For cavities with horizontal sublayers, one observes that all data
fall nearly into a single curve when the effective permeability is
based on the harmonic mean (Fig. 7). Again, if the effective per-
meability were based on the arithmetic mean, the data would have
become more dispersed. Thus, observation has confirmed the previ-
ous report''2 that, for cavities with horizontal sublayers (in which
the direction of heat flow is normal to the sublayers), the heat trans-
fer results are better correlated with the Rayleigh number based
on a harmonic effective permeability. However, also notice that
the lumped-system analysis has generally over-predicted the ho-
mogeneous cavity Nusselt number. The discrepancy is negligible at
small Rayleigh numbers but grows to a maximum (about 50%) at
Ray =40 and then decreases when the Rayleigh number becomes
large (Ray > 40).

Conclusions

Natural convection in layered porous cavities heated from below
has been numerically examined in this study as an extension to sev-
eral earlier studies.'®~12 In addition, the present study has further
examined the feasibility of using a lumped-system approach in the
prediction of heat transfer results in layered porous cavities. For
the present study, the discrepancy found between the actual results
and those predicted by the lumped system in some cases is larger
than those reported in the previous studies. This may be attributed
to the nature of the problem presently considered, which is inher-
ently more unstable than other heating conditions, and the flow and
temperature fields of which are more susceptible to change with the
Rayleigh number. However, it is observed that the Rayleigh num-
bers at which the discrepancy is a maximum fall outside the range
of practical interest (Ra > 100). From this aspect, one can say with
confidence that the lumped-system analysis is appropriate for most
engineering applications involving layered porous media. In par-
ticular, the present study has further validated the basic principle
in the determination of the effective permeability to be used in the
lumped-system analysis. That is, for sublayers whose orientation is
perpendicular to the primary heat flow, the effective permeability
should be based on the harmonic average. On the other hand, for
sublayers whose orientation is parallel to the primary heat flow, the
effective permeability should be based on the arithmetic mean.
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